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Empirical and mechanistic experimental design methods are combined to construct
partial models, which are, thus, used to design a process. The grid algorithm restricts
the next experimental point to potential process optima, according to the confidence
intervals around the optimal points, and works with any experimental design algorithm
such as D-optimal. Two case studies show the advantages of implementing the grid
algorithm. On average the improvement due to the grid algorithm was 15–20% in the
first case study. The second case study is based on thin film growth using four poten-
tial models, with the most probable model used for experimental design. The grid algo-
rithm balances the trade-off between two extremes: D-optimal designs and sampling at
the predicted optimal point. The methodology presented shows that the experimenter
does not have to decide ahead of time on purely empirical or mechanistic experimental
design methods, since both may be useful. � 2008 American Institute of Chemical Engineers
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Introduction

When finding the best settings for a batch process to create
the desired amount and quality of product, one rarely has a
perfect model of the process to ensure the correct settings
are chosen. As a result, one performs experiments to relate
process settings to final performance and properties. The ex-
perimental data is then combined with a model to estimate
unknown model parameters. This model is then used to
select additional experiments, and the model can be used to
design improvements to the current process. In many cases
of experimental design, an empirical model such as a polyno-
mial fit is used.1 In other cases, mechanistic models based on
physical principles are used.2 An example of a mechanistic
model is an Arrhenius equation, which uses activation ener-
gies to model the temperature dependence of a reaction rate.
A good mechanistic model can help an experimenter interpo-

late more accurately or even extrapolate from the available

data. An empirical model, on the other hand, is made to fit

the available data as efficiently as possible, without necessar-

ily having any knowledge of the underlying phenomena.

Because of an empirical model’s best-fit nature, in general it

cannot be used to predict the outcome of an experiment done

outside of the sample data used to fit the model. Empirical

and mechanistic models are not always developed separately,

such as with semimechanistic3 and grey-box models.4 These

two studies are focused on developing models from existing
data, while very little effort has been given to experimental

design to improve the models.
In process design and optimization, a systems engineer

will often use a model that has already been developed by
another researcher or engineer. Unfortunately, such models
for new processes take years to develop. Rather than wait
until a highly accurate mechanistic model has been devel-
oped, a systems engineer can use partial mechanistic models.
A partial model will have limited accuracy and may still be
under development, but it may still be useful in developing a
new process, especially when restricted to a limited range of
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process settings. With the ever-changing product industry,
such as microelectronics and pharmaceuticals, one will have
to modify and reoptimize a process many times over the
equipment’s lifetime. Not only could the process be used for
different products, but the specifications for products could
change frequently due to new technology or tighter govern-
ment regulation. The advantage of a mechanistic model com-
pared to an empirical fit is that it can be adapted and reused
for such modified situations. Due to better understanding of
the process, the time needed to perform subsequent optimiza-
tions can be reduced. However, empirical models are typi-
cally simpler to generate, and have fewer parameters to iden-
tify. If limited experimental data is available, they may be
more useful for process optimization. We are proposing
methods that use both types of models. One method is a spe-
cial case of G-optimal design called P-optimal design, which
is designed to improve the prediction at the optimal point.
The second method called the grid algorithm reduces the
design space using the confidence interval of the most proba-
ble model to concentrate experiments around the predicted
optimal point.

There have been many articles written on the topics of
model discrimination and parameter identification. A method
for model discrimination developed by Box and coworkers5

uses Bayesian probability to predict which mechanistic
model is more probable, given existing experimental data.
Equation 1 can be used for either mechanistic or empirical
models

PðMjjY;MSEjÞ ¼ PðMjÞ3 2�pj=2 3MSE
�me=2
j (1)

where Mj is model number j, Y is the experimental data, ve is
the number of repetitions for each data point, pj is the num-
ber of parameters in model j, and MSEj is the mean-squared
error

MSE ¼
Pn

i¼1 ðyðxiÞ � ŷjðxiÞÞ2
n

(2)

where y(xi) is the experimental measurement, i 5 1, 2, . . . , n,
and ŷj(xi) is the prediction from model j at point i. A model
is penalized in Eq. 1 for having more parameters, fewer repe-
titions of the experiment, or larger error than an alternative
model. This method is used to discriminate between existing
models using existing data, but is not designed as an iterative
process for experimental design. A sequential experimental
scheme was developed to discriminate between multiple
models6 by designing the experiments where the models in
question have the largest difference in prediction:
maxxðabsðŷ1ðxÞ � ŷ2ðxÞÞÞ. Points that maximize the models’
prediction differences, however, are not necessarily desirable
when one is trying to gain information about the optimal
point of the process. For example, the models might actually
agree at the optimal point.

Work that combines experimental design with mechanistic
and empirical models has been largely limited to studies for
speeding up simulation times. Specifically, the concept of
surrogate models has been introduced to replace complex
mechanistic models with simpler empirical models.7,8 Nonsi-
mulation-based research in experimental design is largely

separated depending on whether the model used is empirical
or mechanistic. Extensive work in experimental design has
been done for estimating the parameters in a mechanistic
model using the D-optimal criterion to direct experiments
with the objective of reducing the uncertainty in the parame-
ters of a single model.2,9 Specifically, D-optimal design does
this by maximizing jA0Aj, where A is the design matrix of a
model. Ds-optimal is a modification to D-optimal, in which
the determinant of the covariance matrix of a subset of the
parameters is minimized.10 Work by Franceschini et al. used
experimental design to elucidate the parameters of kinetic
models for a biodiesel process.11 The drawback for D-opti-
mal designs is the ability to only consider one model. If one
is characterizing a new process, an established model may
not be available.

In contrast, traditional design of experiments using facto-
rial or fractional factorial designs is commonly used for opti-
mizing a process based on empirical models.12 An example
of empirical modeling is response surface modeling, used in
factorial design of experiments.13 In this method, the objec-
tive is to maximize performance by finding the best operating
point. Models developed using the Taguchi method are gen-
erally empirical as well.14 The Taguchi method is an experi-
mental design aimed at improving the quality of the product.
Little effort is given to understanding the physics behind the
results when these empirical approaches are used, but empiri-
cal models can be important and useful for finding the opti-
mal operating point for a process quickly and efficiently.

Other techniques have been used to create a better sam-
pling scheme. Defining a regular grid on the experimental
space and randomly picking points from that grid is called
Latin Hypercube sampling (LHS).15 Alternatively, one can
space the grid points irregularly based on spatial variation of
the function, or adaptively based on previous samples and an
experimental design objective.16 All of these methods are
designed for better sampling of the entire experimental
region, whereas here we are interested in designing our
experiments for best prediction at the unknown optimal point
of a process.

Methodology

The focus here is to combine the best features of various
methods for experimental design that are currently being
used. By combining the methods for empirical and mechanis-
tic models, one could efficiently find an optimal point, while
also building mechanistic models that are useful in explain-
ing the phenomena behind the process. Here optimal is
defined as minimizing or maximizing some predefined objec-
tive function, but other definitions of optimal are also possi-
ble, such as designing the process to perform within a certain
interval. The insight gained from these experiments can be
used for future work, whether it is to reoptimize the process
around a different operating regime, or to design a new pro-
cess. At best, one or more of the models will have a good
prediction over the entire region, such that it can be used for
process design over the entire experimental range in ques-
tion, although this will not necessarily be achieved.

The basic steps in our proposed methodology are illus-
trated by Figure 1. One begins with an initial probability of
each model Mj, where j 5 1, 2, . . . ,m, and a hypothesis as to
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Figure 1. Proposed experimental design algorithm.

which process settings (temperature, pressure, etc.) should be
varied to reach the design goal. The next step is to design an
experiment or set of experiments to acquire some initial in-
formation about the system to obtain initial estimates of the
unknown parameters yj in each model.

After this first set of experiments has been performed, we
evaluate several types of experimental designs for the se-
quential portion. The three methods compared in this work
are D-optimal ðD ¼ maxx jA0

jAjjÞ,12 a random design of
experiments, and our newly proposed P-optimal design which
utilizes the prediction variance. Aj is defined as
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The prediction variance r2j ðxÞ of model j reflects the
uncertainty of the model prediction ŷjðxÞ, which is assumed
here to be a scalar17

r2j ðxÞ ¼ aðjÞðA0
jAjÞ�1aðiÞ0r̂2j (4)

where

a
ðjÞ
lr ¼ ½@ŷjðhj; xrÞ=@hjl�hj¼ĥj

l ¼ 1; . . . ; pj (5)

and a
ðiÞ
r ¼ ½a1r; a2r; :::; apjr� are for the rth experimental set-

ting, and hj ¼ ½hj1; hj2; :::; hjpj � is a vector of parameters for
the jth model. The model variance r̂2j used in Eq. 4 is calcu-
lated similarly to MSEj in Eq. 2 except the summation is di-
vided by n2pj, where pj is the number of estimated parame-
ters in model j, because pj degrees of freedom are lost by
estimating pj parameters

r̂2j ¼
Pn

i¼1 ðyðxiÞ � ŷjðxiÞÞ2
n� pj

(6)

D-optimal and P-optimal are experimental designs with
different objectives. D-optimal designs are frequently used
for experimental design and minimize the generalized var-
iance of the parameter estimates. In contrast, G-optimal
designs attempt to minimize the maximum variance of the
predicted values y over the entire experimental region,12 but
are generally very computationally expensive and are less
commonly used. Our P-optimal design is a modification of
G-optimal. Rather than minimizing r2j ðxÞ over the entire
design region, P-optimal aims to minimize r2j ðxÞ at a single
point x* ðP ¼ minxer

2
j ðx�ÞÞ, where xe is the experimental

344 DOI 10.1002/aic Published on behalf of the AIChE February 2009 Vol. 55, No. 2 AIChE Journal



point. Thus, P-optimal picks the experimental point which
should most reduce r2j� ðx�Þ. In this work, x� ¼ x̂j� , the pre-
dicted optimal using the most probable model j*, based on
the Bayesian probability of Eq. 1. Our rationale is that by fo-
cusing on x̂j� , one can obtain a better prediction around that
point. Specifically, the P-optimal algorithm tries different ex-
perimental points by adding an additional row to Aj*, and
finds the experimental point where r2j� ðx̂j� Þ is minimized. By
performing an experiment at the point that minimizes
r2j� ðx̂j� Þ, the new experimental data will add confidence to the
prediction ŷj� ðx̂j� Þ. One could use all j models, and weight
their predictions by Pj to compute the expected value of x̂
and ŷ(x̂), but if there are multiple local minimum, the result-
ing intermediate points might lead to very poor designs.
Therefore, in this study the most probable model is always
used to design the next experiment.

After each experiment has been performed, the parameters
for each model are re-estimated using a parameter estimation
technique. In this work, the parameters are estimated using a
least-squares minimization between the model and all of the
data. Once the parameter estimate ĥ, has been obtained for
each model, the performance of each model can then be
examined. The optimal point for each model is estimated as

x̂j ¼ min x f ðŷjðxÞÞ (7)

where f(x) is the objective function to be minimized. Note
that x̂j, is the estimated optimal point from the model j, and
not necessarily �x, the true optimal point of the process. As a
model becomes more accurate x̂j, and �x, will ideally con-
verge to the same value.

The probability of each model is calculated using Eq. 1,
and here we set the a priori probabilities P(Mj) to be equal
for all models. The model variance r2j ðxÞ is used to calculate
the confidence interval on ŷj(x)

CIjðxÞ ¼ �ta=2;n�pj

ffiffiffiffiffiffiffiffiffiffiffi
r2j ðxÞ

q
(8)

where a is the level of confidence desired.12 Once the per-
formance of each model has been calculated, the stopping
criteria are used to evaluate whether to continue the experi-
ments or not. The stopping criteria used here are evaluated
using the most probable model j*. The first criterion consid-
ers whether the change in MSE of model j* is less than etol,
where etol is a prespecified constant value. The second crite-
rion checks whether the confidence interval at x̂j* is below
the desired level, eCI. If the first stopping criterion is true,
then additional experiments are unlikely to improve the
design or the confidence interval on the model prediction. If
either criterion is true, then the experiments are finished and
intervention by the experimenter is needed to interpret the
results. The experimenter must decide whether the most
probable model is good enough, if this model needs modifi-
cation, or if an entirely new model is needed. At any time
during the experiments, it is possible to add one or more
new models and continue to iterate through the methodology.
As part of our methodology development we also consider
another new feature, which we call the grid algorithm. Its
purpose is to further concentrate the experiments near x̂j*
using the confidence interval of the objective function

CIðf ðŷj� ðx̂j� ÞÞÞ. This is critical when partial models are being
used, and is not necessarily achieved by D-, G-, or P-opti-
mal, depending on the model or models being considered.
The grid algorithm can be divided into five steps:

1. Defining a set of grid points xg, in the experimental do-
main Z.

2. Calculating a threshold value Hðx̂j� Þ
Hðx̂j� Þ ¼ f ðŷj� ðx̂j� ÞÞ þ CIðf ðŷj� ðx̂j� ÞÞÞ (9)

3. Restrict consideration to grid points with outputs that may
be below the threshold value f ½ŷj� ðxgÞ� � CIðf ðŷj� ðx̂gÞÞÞ
< Hðx̂j� Þ (These are the potential optimal points, at the a
confidence level.)

4. Calculate the output of the experimental design function
fED(x), at these remaining grid points and pick the best
point xe,o, from this set.

5. Find the optimal experimental point xe, using xe,o as a
starting point, constraining the search within a box cen-
tered at xe,o, with sides equal to twice the grid spacing.

Equation 9 represents the case where the objective is to
find the minimum value of f(x). The lower bound of a predic-
tion at point x is: LBðxÞ ¼ f ðŷj� ðxÞ � CIðf ðŷj� ðxÞÞÞ, and the
upper bound is: UBðxÞ ¼ f ðŷj� ðxÞ � CIðf ðŷj� ðxÞÞÞ. In this case
the confidence interval is added to the optimal value because
one does not want to eliminate values of x in which
LBðxÞ < UBðx̂j� Þ. This is shown graphically in Figure 2, in
which all values of x having LB\ H are potentially the min-
imum (marked by circles). The points marked by squares are
not potential minimum at a confidence level of a. Similar
calculations can be performed when the objective is to find
the maximum value.

In this work, only two experimental parameters are
explored, making the grid method easy to implement. For
higher dimensions of the experimental parameters, a full
gridding of the design space may not be practical. In such
cases, a stochastic sampling method such as simulated
annealing18 or multistart19 could alternatively be used to
obtain a sampling of the system over the experimental space
in the regions of interest. To get parameters that fit better in

Figure 2. Graphical representation of the grid algo-
rithm.

Filled circles are potential minima, while open squares are
not. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com.]
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the region of interest, one may also use the grid algorithm to
limit parameter fitting only to points that are below Hðx̂j� Þ.

Description of Case Studies

In this work, two case studies are performed. The first
case study is used to test the method on a simple system that
is linear in the parameters. The second case study is used to
test the method on a system of technological interest and
uses several candidate models. Three models are purely em-
pirical, and one model is mechanistic. This case study was
chosen to reflect the ongoing experiments in our research
group dealing with a chemical vapor deposition process.20

The grid algorithm was implemented using D-optimal,
P-optimal, and a random selection of experiments. First, the
D-optimal method is used to sequentially design the ex-
periments, and parameter fits are made based on these
experiments. At each iteration, the most probable model is
used to predict the next experimental point. The entire meth-
odology simulation is performed one hundred times at each
noise level, and the results are averaged. This process is then
repeated using P-optimal, and then using a random selection
of experiments. In the case of random selection of experi-
ments, the grid algorithm first creates the list of possible
optimal points. A point from this list is then selected ran-
domly as the next experiment.

MHF case study

We first evaluate the method using the modified Himmel-
blau function (MHF)21

yMHFðxÞ ¼ x41 þ x42 � 21x21 þ 2x21x2 þ 2x1x
2
2 � 13x22 � 13x1

� 19x2 þ 227

(10)

We consider a range of [25,5] for both x1 and x2. In this
case study f(x) is the same as y(x). The minimum of Eq. 10
is at the point x1 523.80, and x2 523.32, with a corre-
sponding function value of 43.3. The other local minima
have function values of 63.5, 54.9, and 65.9. A contour plot
of this function is shown in Figure 3.

This function is chosen because it possesses desirable
properties for evaluating the experimental design method,
including having a minimum in the interior and having mul-
tiple local minima. Equation 10 is used here to generate the
simulated data, while a slightly different model is used to fit
the sampled data

ŷ1ðxÞ ¼ x41 þ x42 � 21x21 þ 2x21x2 þ h1x1x
2
2 � 13x22 þ h2x2 þ h3

(11)

Equation 11 is missing the linear x1 term from the original
MHF function to create model mismatch, such that no values
of the three fitted parameters (y123) will completely match
all points. No model is ever perfect, so in practice there will
always be some mismatch. Experimental design methods
must be robust to these modeling errors. The whole method-
ology is also run with no model mismatch to ensure conver-
gence with the various noise levels. In this case, all experi-

mental designs converged to the true value and location of
the optimal point.

The initial experiments for this case study are chosen to
be a 22 factorial design (one experiment performed at each
corner of the design space), plus an experiment at the center
of the design space with two repetitions, for a total of six
experiments (22 1 2 3 (0,0). The center point is needed due
to the nonlinear nature of the system being modeled, since
there are quadratic terms in the MHF. The noise added (c) to
yMHF(x) is Gaussian and zero-mean, with standard deviations
of 3, 15, or 30. The desired confidence interval (eCI) on the
prediction is set to 5. The initial experiments are run, ĥj is
calculated, and the initial Bayesian probability is calculated
using Eq. 1, as done in existing methods.

The MHF case study is used to examine three of the main
choices affecting the D- and P-optimal and the grid method
designs. First, the effect of the initial experiments is com-
pared using our original experimental design (22 1 2 3
(0,0), and the experimental design from the Latin Hyper-
cube.15 Second, the size of the grid for the grid algorithm at
three different levels is compared. Third, the effect of the tol-
erance on the stopping criteria is investigated.

Film growth case study

This case study is based on a chemical vapor deposition
process. In CVD, a thin film is grown on a heated substrate
by flowing an evaporated metalorganic precursor over the
substrate.22 CVD experiments and film characterization can
be time-consuming and costly, making CVD a good candi-
date for experimental design. Thin films grow after an initial
nucleation of clusters on the substrate surface, and the den-
sity of nucleation sites on the substrate influences the film
morphology and properties.23 The purpose of this case study
is to evaluate our experimental design method using multiple
partial models. In this case study, the method picks the best
of four possible models that predict the flux of atoms to the
substrate surface, given the simulated experimental data. The
two experimental settings considered are x 5 [T,C]. T is the
deposition temperature, and C is the concentration of precur-
sor in the reactor.

Figure 3. Modified Himmelblau function over x1[½�5; 5�
and x2[½�5; 5�.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Table 1. Constants for the Film Growth Case Study

Constant Value Units Description

j 0.15 — Monolayers23

q 2 — Number of adatoms
per stable cluster

R 8.3145e-3 kJ
mol�K Gas constant

Cmax 1.5 lmol
L Maximum C

Tmax 1073 K Maximum T

u 5.061 L
min Flow of inert gas

Asub 5.067e14 nm2 Area of substrate

X 4.488e22 nm3

mol Molar volume

hML 0.2651 nm
ML Thickness of a monolayer24

Ea 19.25 kJ
mol Activation energy for flux

Ei 0 eV Binding energy
Ed 0.8 eV Diffusion activation energy
g 0.2 — Capture number

The flux of precursor to the substrate is F, and the true
flux of the system is simulated using

F ¼ F0 exp
�Ei

RT

� �
(12)

where F0 is the flux as T ?1, and Ea is the activation
energy for the flux. F0 is calculated as

F0 ¼ CXu
AsubhML

(13)

where C is the concentration. The other factors and their val-
ues are listed in Table 1. F0 is a function of C, making F a
function of T and C. Ea was calculated assuming a flux of
300 ML

min,
23 at the maximum temperature Tmax 5 1073 K, and

maximum concentration Cmax ¼ 1:5 lmol
L . Inserting these

quantities into Eqs. 12 and 13, one obtains Ea ¼ 19:25 kJ
mol.

The value of the constants in Eqs. 12 and 13 can be found in
Table 1. The flux is then used to calculate the growth time
for a film. This is calculated using a target film thickness of
150 nm divided by the flux in nm

min.
The four models we propose will calculate the flux of

atoms to the substrate. Gaussian noise with zero mean and
standard deviation in Table 2 is added to the flux simulated
by Eqs. 12 and 13. The first model is empirical with one fit-
ted parameter

ŷ1ðxÞ ¼ h1 (14)

which is the average of the data when doing a least-squares
fit. The second model is also empirical, but now with two fit-
ted parameters

ŷ2ðxÞ ¼ h1Cþ h2 (15)

which assumes there is no temperature dependence on the
flux going to the substrate. The third model is empirical with
three fitted parameters

ŷ3ðxÞ ¼ h1 þ h2T þ h3C (16)

where the model does assume temperature and concentration
dependence for flux. The fourth model is mechanistic and

is similar to Eq. 12, but with Ea as the fitted parameter and
F0 5 10C, calculated as

ŷ4ðxÞ ¼ 10C exp
�hi
RT

� �
(17)

thus, creating model mismatch from the true system.
The nucleation density is given by Eqs. 18 and 19, and is

based on mechanistic principles.23 The set of differential
equations are integrated by the Matlab function ode23t to
predict the final value of the island density Nisl, at j mono-
layers (ML) of deposition and depending on the value of the
flux F

dN1

dt
¼ Fð1� jÞ � ðqþ 1ÞKnucðg; T;Ei;Ed;N1Þ

� Kaggðg; T;Ei;EdÞ (18)

dNisl

dt
¼ Knucðg; T;Ei;N1Þ (19)

where N1 is the density of isolated atoms on the surface. The
flux F, is the output of the four proposed models. Knuc is the
nucleation rate, and Kagg is the aggregation rate.23 The rest
of the factors are listed in Table 1. There is no mismatch in
this portion of the model.

The objective function for the film growth study is

minxðfj� ðxÞÞ ¼ ðtðŷj� ðxÞÞ � tgoalÞ2

þ ð104ðNislðx; ŷj� ðxÞÞ � NgoalÞÞ2 (20)

Ngoal is the nucleation density desired for the film, and
tgoal is the desired growth time for the film. Values for both
are shown in Table 2. This objective is chosen since chemi-
cal vapor deposition will usually be one of many steps in
creating a product and such specifications would be given at
the factory level. Thus, Ngoal is a target on the quality, while
tgoal is a target for the process. The confidence interval for
the objective function is calculated using the confidence
interval on the tðŷj� ðxÞÞ and Nislðŷj� ðxÞÞ predictions based on
the confidence interval for F. This is accomplished using
absolute errors expanded to second-order terms,25 due to the

Table 2. Parameters for the Simulated Experimental Data
for Nucleation Study in Eqs. 18 and 19

Parameter Value Description

me 1 Repetitions

c 5, 10, 20 ML
min Gaussian standard deviation of flux

eCI 1 ML
min Desired confidence interval

for nucleation study

etol 0.1 Tolerance for change in MSE

tgoal 3 minutes Growth time objective

Ngoal 10�3 islands
adsorption site Nucleation density objective

T 873K Low T setting

1073K High T setting

C 0.3 lmol
L Low C setting

1.5 lmol
L High C setting
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zero slope at the optima. Figure 4 is a contour plot of the
objective function calculated using Eq. 20.

The simulated experimental data are generated using Eqs.
12, 13, 18, and 19, using the parameters in Table 2. The
study has zero mean Gaussian random noise (c) added to the
data, with the standard deviation given in Table 2. The initial
simulated data are generated from a 22. factorial experiment
using the high-and low-settings for T and C given in Table
2, with one repetition at each design point for a total of four
experiments.

Results

All simulations were performed using Matlab Release
2007a, and all optimizations were carried out using Matlab’s
function fmincon for constrained optimization, which uses an
SQP method. The initial guess for finding the predicted opti-
mal point is found by evaluating the model at each of the
256 grid points over the experimental design region. The
minimum of these points is chosen as the initial guess for
finding x*.

MHF case study

Typical experimental design surfaces with respect to the
parameters x1 and x2 are shown in Figure 5a and b. The val-
ues on the vertical axis of the D-optimal surface are negative
due to a negative sign in front of the optimality calculation,

so that the function can be minimized instead of maximized.
The D-optimal surface shows that the corners of the design
space are all local minima for this design function. When
designing an experiment using D-optimal and without the
grid algorithm, experiments are designed only at these corner
points, even though these points have already been run, or
the corner points are not near the optimal point, or both. The
P-optimal surface, on the other hand, has its minima not on
the corners of the design space, but along the x2 525 edge
of the design space. Like D-optimal, P-optimal also tends to
prescribe experiments on the boundaries, but the direction is
influenced by the value of x̂. Recall that in this case study
�x ¼ ½�3:80� 3:32�.

Figure 4. Contour plot of f(x) for the film growth case
study with no added noise

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 5. Values of optimality functions in the MHF
case study (c = 3, first iteration) vs. parame-
ters x1 and x2. u = [1.47 19.33 226.18].

(a) D-optimal vs. parameters for the MHF case study after
the first iteration, and (b) P-optimal vs. parameters for the
MHF case study after the first iteration. [Color figure can
be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Table 3. MHF Case Study with 22 1 2 3 (0,0) Initial Experiments Using No Grid, etol 5 0.1

c53 c515 c530

D P Rand D P Rand D P Rand

ŷj� ðx̂j� Þ 14.7 14.7 16.4 15.1 15.4 16.5 15.2 15.5 12.0
rj� ðx̂j� Þ2 1.8 1.2 65.5 35.5 26.6 138 153 94.0 278
CIðx̂j� Þ 2.9 2.4 16.5 12.2 10.7 24.0 25.4 20.0 34.3
f (%) 66 66 62 65 64 62 65 64 72
MSEj* 5.7 5.3 285 170 172 558 692 641 1080
r̂2j� 8.9 8.3 375 234 244 741 963 894 1480
iter 2.3 2.1 6.1 5.3 4.7 6.1 5.2 4.8 5.3
x1, % error 0.8 0.8 0.7 0.8 0.7 0.3 0.1 0.6 0.8
x2, % error 4.1 4.1 4.4 4.1 4.0 4.3 9.6 5.7 17.0
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The results are summarized in Tables 3–6. These tables
are broken up into three different columns for each level of
noise. Each of these columns is further split into three col-
umns, one for each type of sequential experimental design
function considered. The Rand columns are the results from
sequential experiments sampled randomly over the design
space. Each table has nine rows which give the final values
after the algorithm and experiments have terminated. The
first row is ŷj� ðx̂j� Þ, from the most probable model j* eval-
uated at x̂j*. The second row is the prediction variance, and
the third row is the confidence interval, both at x̂j*. The

fourth row is the percentage error between ŷj� ðx̂j� Þ and
yMHFð�xÞ, which is represented by f. The fifth row is the
mean-squared error as calculated in Eq. 2. The sixth row is
the estimated model variance as calculated in Eq. 6, and the
seventh row is the average number of iterations. The eighth
and ninth row contain the percentage error in x̂j* compared
to �x. For this case study, x̂ never matches �x ¼ ½�3:80� 3:32�
exactly, which is the effect of the model mismatch. With
some of the terms missing from the model in Eq. 11, com-
pared to Eq. 10, the model’s minima may not ever go
through the true optimal point, no matter what experiments
are performed. Throughout this case study, only designs at
low-noise are able to meet the goal of CIðx̂j� Þ < 5, while
most stop because the MSE stopped changing within
etol ¼ 10%.

In Table 3, each column is an average of 100 simulations.
One can see that without the grid algorithm, none of the ex-
perimental design methods leads to good performance at any
noise level. The error in ŷj� ðx̂j� Þ is greater than 60% in all
noise levels. Another problem is at low c, the CI for D- and
P-optimal are extremely misleading. With such a small CI,
an experimenter may think his model prediction is very
good. This small CI can be traced back to the small MSE.
Figure 6 shows experiments from different experimental
design methods after the initial experiments have been run.
Comparing Figures 3 and 6a, D- and P-optimal sample along
the edges of the design space without the grid algorithm,
where yMHFðxÞ has very different values than yMHFð�xÞ. This
leads to a poor fit at ŷj� ðx̂j� Þ, but a small MSE based on the
sampled points.

Wanting to sample closer to �x, we implement the grid
algorithm. In Figure 6b, one can see that the grid algorithm
does cause sampling closer to �x. The experiments that are
not near �x are instead close to another local minimum. Strength
of the grid algorithm is the ability to search other potential local
optima to find the best optimum in the experimental region. If
the initial experiments lead to an incorrect x̂, the method will
not prohibit sampling at other potential optima.

In Table 4, one can see that the grid algorithm does lead
to an improvement (f � 40% in the low-noise case instead
of �60%), although the results still are not very good. Sur-
prisingly, the random experiments with the grid method seem
to lead to the best predictions of ŷj� ðx̂j� Þ. In this case, the
grid algorithm identifies the potential optima, and the next
experiment is chosen at random from these points. D- and P-
optimal, on the other hand, use the potential optima from the

Figure 6. Experiments from the different experimental
design methods are marked: D-optimal (!),
P-optimal (o), Random (h), and Greedy (^).

The greedy experimental design samples at x̂j* only. 3
marks the true optimal point. (a) MHF case study experiments
without grid algorithm, and (b) MHF case study experiments
with grid algorithm. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]

Table 4. MHF Case Study with 22 1 2 3 (0,0) Initial Experiments Using d 5 15, etol 5 0.1

c 5 3 c 5 15 c 5 30

D P Rand D P Rand D P Rand

ŷj� ðx̂j� Þ 25.8 24.9 27.9 24.0 24.4 30.6 19.3 21.6 24.2
rj� ðx̂j� Þ2 19.9 14.2 50.6 46.3 31.1 83.3 151 112 235
CIðx̂j� Þ 9.2 7.9 14.6 14.0 11.5 18.8 25.4 21.8 31.5
f (%) 40 42 36 45 44 29 55 50 44
MSEj* 113 77.7 250 231 205 376 727 736 955
r̂2j� 154 113 337 322 287 519 1020 1030 1320
iter 5.3 3.8 5.8 4.9 4.8 5.2 4.7 4.8 5.2
x1, % error 0.6 0.6 0.6 0.6 0.6 0.6 0.0 0.2 1.1
x2, % error 4.6 4.8 4.8 4.5 4.8 4.7 9.7 8.1 19.1
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grid algorithm, and then design the experiment at the point
with the best respective value of the design function. Experi-
mental designs like D- and P-optimal tend to maximize the
variance of x, which becomes counterproductive when we
are dealing with partial models. Unless the experiments are
designed to sample at x̂, x̂ is usually not the point chosen by
the experimental design for the next experiment. The random
method also samples at a larger variety of experimental
points around the optima, whereas the D- and P-optimal
methods converge to the same points in subsequent itera-
tions. Note we are not prohibiting any of the designs from
repeating previous experiments, and the figures do not ex-
plicitly indicate repeated experiments. If one designs the D-
and P-optimal algorithms to always pick different points, the
predictions from those optimality’s might be improved.

Since the random experiments work better with the grid
algorithm, and we would like to improve the predictions of
ŷj� ðx̂j� Þ even further, we investigate whether changing our
initial experiments to a more random design will improve the
results. The initial experiments are run using a Latin Hyper-
cube design as the initial set of six experiments. Comparing
Tables 4 and 5 one can see that randomizing the initial
experiments does not have the desired effect of improving
ŷj� ðx̂j� Þ, although one does obtain results in fewer iterations.
Randomizing the initial experiments has the effect of being
too space-filling. The CI are larger and more accurate, but
this has the effect of including too many potential optima in
the grid, effectively expanding the sampling area which the
grid algorithm is designed to reduce. One also sees increased
�x error, especially in x2. If one refers to Eq. 11, one sees that
x1 and x2 are not completely independent, which may be
why the error is concentrated on x2, and not distributed
equally between both. Since the LHS method does not pro-
vide a significant benefit, we proceed with our initial
22 þ 23ð0; 0Þ initial design.

One of the parameters of the grid algorithm is the number
of points on the grid of the design space, d, which could be
varied to improve ŷj� ðx̂j� Þ. The simulations are run for d 5 5
(coarse grid), and d 5 30 (fine grid). Due to space the
detailed results are not included. Overall, we find that a
coarse grid had the effect of poorer model predictions than d
5 15. With a coarse grid and high-noise, the constrained
search area may also contain many local optima, which hin-
ders the search for the true optimal point. A fine grid, d 5
30, leads to improved predictions, but takes significantly
more computational time. For this work, d 5 15 is deemed a
good compromise.

A lowered etol leads to better predictions from the model
and tighter CI when comparing to etol 5 0.1 to etol 5 0.05,
but also more iterations, as one might expect. If the objective
of the experiments is to get an accurate model prediction, a
smaller tolerance (i.e., willingness to run more experiments)
will cause a better fit. However, if the emphasis is on quickly
finding the optimal point, then a larger etol may produce
adequate results. At any point during the design phase, one
may choose to terminate the experiments, before reaching
the prespecified tolerance.

Since sampling near the optimum point seems to improve
ŷj� ðx̂j� Þ, why not sample at the predicted optimum point? We
implemented this using a ‘‘greedy’’ method, and the results
are shown in Table 6, and marked by a ^ in Figure 6b.
Rather than minimize a separate experimental design func-
tion, this method chooses the estimated optimal point of the
model j* as the next experimental point to be sampled. This
leads to similar predictions and number of iterations to the
random plus grid algorithm for low-noise (d 5 30, etol 5
0.1), while for high-noise the performance and iterations are
similar to random plus grid algorithm with d5 15 and etol 5
0.05. These similarities point to the importance of the stop-
ping criterion for the experimental design. The grid algorithm
can obtain similar results to the greedy method given the
right stopping criterion, but has the advantage of exploring
more of the experimental region than if one were to use the
greedy method. The better model prediction of greedy makes
sense as more experiments are run and experiments are
located at the optimal point. The least-squares method will
then focus on minimizing the error from these points, making
the fit to y(�x) better. This ‘‘greedy’’ case can be viewed as
the limit of the grid algorithm with d?1 and a?100%.
Ultimately, the performance in this case study is limited by
the model mismatch between Eqs. 10 and 11. One could

Table 5. MHF Case Study with Latin Hypercube Initial Experiments Using d 5 15, etol 5 0.1

c 5 3 c 5 15 c 5 30

D P Rand D P Rand D P Rand

ŷj� ðx̂j� Þ 18.6 20.2 27.0 17.2 19.4 26.1 15.1 19.2 22.8
rj� ðx̂j� Þ2 106 69.2 219 153 108 382 220 201 488
CIðx̂j� Þ 21.5 17.3 30.6 25.7 21.6 40.5 30.7 29.4 45.7
f (%) 57 53 37 60 55 40 65 56 47
MSEj� 429 382 572 623 577 799 962 1030 1130
r̂2j� 622 549 820 908 836 1150 1370 1470 1590
iter 4.0 4.0 4.4 3.9 4.0 4.3 4.4 4.3 4.6
x1, % error 0.3 1.2 2.4 0.1 1.0 4.5 1.5 2.8 7.2
x2, % error 5.3 16.7 23.1 8.8 14.8 27.1 19.6 29.2 30.6

Table 6. MHF Case Study With with 22 1 2 3 (0,0) Initial
Experiments and ‘‘Greedy’’ Experimental design, etol 5 0.1

c 5 3 c 5 15 c 5 30

ŷj� ðx̂j� Þ 33.6 37.0 35.7
rj� ðx̂j� Þ2 24.0 37.3 111
CIðx̂j� Þ 10.0 12.3 21.2
f (%) 22.5 14.7 17.7
MSEj� 168 342 940
r̂2j� 225 427 1180
iter 6.1 10.3 10.0
x1, % error 0.48 0.01 1.48
x2, % error 5.25 9.06 20.3
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probably increase the prediction accuracy more by leaving
out the initial experiments during the parameter fitting, which
would cause the fit to be better around the more recently
sampled points.

Film growth case study

The film growth case study is different from the first case
study because four candidate models are now used. The first
case study always underpredicted the optimum, but in this
case study the models are able to predict the desired output
of the process (t 5 3 min and Nisl ¼ 10�3); however x̂j* is
not necessarily �x. For this reason we restricted the models to
only fit data that falls below H(x̂), or at least enough data to
make A be full rank. This will increase the confidence inter-
val on the prediction due to fitting to fewer points, but ulti-
mately should enable more accurate fits at the optimal point.
The true optimum in this case is at �T ¼ 962K and
�C ¼ 1:24 lmol

min
. The tables in this section show the objective

function for the most probable model, instead of the output,
y(x), since f ðxÞ 6¼ yðxÞ. The CIðx̂j� Þ shown is also for f(x) and
not on y(x) for the same reason.

In Table 7, the third empirical model (Eq. 16) is the most
probable in two thirds of the simulations, the second empiri-
cal model (Eq. 15) or the mechanistic model (Eq. 17) were
the next most probable in equal proportion, and the first em-
pirical model is picked as most probable the least often of
the four. Here, fj*(x̂) are quite small (fj*(x̂) \ 0.1), and the
CIðx̂j� Þ are quite large compared to the size of the objective
function at the optimal point. In the no grid case, all three
experimental designs predict that fj� ðx̂Þ � 0 at all noise lev-
els. The random experimental design has the smallest error
for predicting T̂ and Ĉ. In Figure 7a, one can see the experi-
ments for each experimental design. The experiments for D-
and P-optimal are on the corners of the design region, far
away from the optimal point. The random design samples all
over the design region leading to the better x̂ prediction.

In Table 8 the results of the film growth experiments using
the grid algorithm are shown. At first glance, one would say
that the grid did not bring any improvement to the experi-
ments at all. In fact, the CIðx̂j� Þ are not significantly different
than without the grid. However, the % error in T̂ and Ĉ is
improved with the grid for D- and P-optimal. One can see
the effect of the grid on the experiments in Figure 7b, where
there are more experiments around the optimal point than
without the grid. In Figure 8 the possible optimal grid points
are plotted for sequential experiments 1, 4, and 7 for one

simulation of the random experimental design. At each suc-
cessive experiment, the range of possible optimal points
shrinks. It is also worth noting that in iterations 1 and 4, the
grid retains the lower left corner of the experimental area.
Here, the confidence interval for these points is so large that
they are included as possible optima.

One interesting effect of the grid algorithm is in the result-
ing most probable model for each experimental design. Using
the grid algorithm, the most probable model is still the third
empirical model, but the mechanistic model is the second
most likely, and the first empirical model is never considered

Figure 7. Experiments from the different experimental
design methods are marked: D-optimal (!),
P-optimal (*), Random (h), and greedy (^).

The greedy experimental design samples x̂j* at only. 3
marks the true optimal point, with c 5 10 s, and d 5 15.
(a) Film growth case study experiments without grid algo-
rithm, and (b) film growth case study experiments with grid
algorithm. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com

Table 7. Film Growth Case Study with 2
2
Initial Experiments Using No Grid, etol 5 0.1

c 5 5 c 5 10 c 5 20

D P Rand D P Rand D P Rand

fj� ðx̂Þ 0.05 931029 0.02 0.07 531028 0.03 0.02 0.01 0.04
rj� ðx̂j� Þ2 221 10.8 26.8 304 141 108 754 637 515
CIðx̂j� Þ 7.40 1.95 2.80 9.03 5.24 5.46 16.1 13.6 9.93
MSEj* 169 7.1 8.48 255 125 33.6 676 579 138
r̂2j� 675 28.4 30.6 907 401 115 2190 1800 434
iter 8.1 6.7 8.8 8.4 7.2 9.0 7.7 7.4 9.4
T̂, % error 1.54 0.47 0.02 2.91 0.46 0.2 1.43 0.05 0.03
Ĉ, % error 9.19 2.85 0.19 17.25 2.82 1.49 8.70 0.35 0.03
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the most probable model as it sometimes was without the
grid. The grid had the effect of eliminating one of the possi-
ble models, and clearly identified a temperature dependence
in the data (most probable models both included T) that was
not apparent without the grid. The mechanistic model does
well with better sampling of the experimental area around
the optimal point, but still not better than Eq. 16. This indi-
cates that the mechanistic model may need modification for
improved prediction, but not necessarily that a whole new
model is needed to explain the data.

The film growth experiments were performed using the
greedy experimental design where only the optimal point is
used as the next experiment, but the results are not shown
here due to space. In this case study, the greedy experimental
design does not yield significant improvements to finding the
objective function C1 or the optimal point. However, the
greedy experimental design picks the mechanistic model as
the most probable model rather than any of the empirical
models. Again, the greedy method does do quite well in
most simulations, but in some simulations x̂ is incorrect, and
sampling at the same incorrect point repeatedly does not
improve x̂. Good performance is achieved using either the
grid algorithm or the random sampling in this case study.
Based on both case studies, combining the two together will
provide good estimates of the optimal point, while still
allowing for some exploration and model building.

Conclusions

The grid method in the MHF case study used in conjunc-

tion with other experimental designs results in enhanced per-

formance of these designs. Improvements such as better

model predictions (15–20% better than without the grid algo-

rithm), and more accurate confidence intervals which contain

the true optimum of the MHF model (43.3) are observed

here. The film growth case study achieved good results using

random experimental design; however, the grid algorithm did

lead to better sampling of the experimental region, better x̂
prediction, and led the experimenter to a dependence on T
that would have been missed otherwise. The P-optimal
design was introduced, but due to model mismatch did not
produce the desired effect of improving the prediction at the
optimal point. Random experimental design used in conjunc-
tion with the grid algorithm worked best.

In this work, experimental design and its effect on model

building was discussed. Parameter estimation also plays a

pivotal role in model building which is an opportunity for

future study. As with any experimental design method, it is

up to the experimenter to define the objective for the experi-

ment and to interpret the results. In this work, the main

objective is to obtain good model predictions of �x of a pro-
cess for use in process design. The grid algorithm is a useful
tool because it balances the trade-off between an optimal
design such as D-optimal and a ‘‘greedy’’ experimental
design. It also allows for exploring other regions with poten-
tial optima rather than focusing on one optima which may be
erroneous. The methodology presented here combines exist-
ing experimental design approaches for empirical models
with those for mechanistic models. Thus, the experimenter
does not have to decide ahead of time whether to use empiri-
cal only, or mechanistic only, since both may be useful. As
with many experimental design techniques, there is not one
setting for the grid algorithm or stopping criteria that works
for all experiments. The experimenter needs to combine his
knowledge of the system being studied and interpretation of
the available data to come up with a viable experimental
design.

Notation

C5 concentration of precursor in gas
CIj(x)5 confidence interval on jth model

Ed5diffusion activation energy
Ei5binding energy

Figure 8. Possible optimal points after grid algorithm
using the random experimental design.

First sequential experiment marked by (1), fourth sequen-
tial experiment marked by (*), and seventh seqential
experiment marked by 3. The true optimal point is [962
1.24], and is marked by (h). [Color figure can be viewed
in the online issue, which is available at www.interscience.
wiley.com.]

Table 8. Film Growth Case Study with 2
2
Initial Experiments Using d 5 15, etol 5 0.1

c 5 5 c 5 10 c 5 20

D P Rand D P Rand D P Rand

fj� ðx̂Þ 0.12 231025 231028 0.03 231023 231028 0.03 631024 231023

fj� ðx̂Þ 392 106 21.3 331 150 67.6 885 738 845
rj� ðx̂j� Þ2 16.1 3.98 2.64 11.9 6.11 4.45 18.0 15.4 10.4
MSEj* 227 65.8 12.5 248 130 37.3 774 677 133
r̂2j� 933 223 43.1 894 436 120 2440 2110 396
iter 7.4 7.4 8.4 7.3 7.5 9.0 7.5 7.5 9.2
x1, % error 0.03 0.15 0.14 0.31 0.30 0.05 1.19 0.07 0.03
Ĉ, % error 0.36 0.88 1.53 2.13 1.81 0.77 7.47 0.70 0.41
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f(x)5objective function
F5flux

H(x)5 threshold value for grid algorithm
j*5most probable model among a set of j possible models

Kagg5 aggregation rate
Knuc5nucleation rate
MSEj5mean-square error of model j

n5number of total experiments run
N15 isolated atom (‘‘adatom’’)
Nisl5nucleation density on surface of substrate

Ngoal5desired nucleation density
pj5number of parameters in model j

P(Mj)5probability of model j being the correct model

tðŷj� ðxÞÞ5 time needed to grow a film of a certain thickness from
model j*

T5 temperature setting for film growth case study

�x5 true optimal point of process

x̂5 estimated optimal point

y(xi)5 the ith experimental data
ŷj(x)5prediction from the jth model

Y5 experimental data
d5number of points used in grid algorithm

eCI5desired confidence interval on best model
etol5maximum allowed change in MSE for stopping criterion
15% error in yj� ðx̂j� Þ
g5 capture number
hj5parameter set for jth model
j5number of monolayers of deposition
me5number of repetitions of experiments
q5number of adatoms needed for a stable cluster

r̂2j 5model variance

r2j ðxÞ5prediction variance at point x
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